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Abstract. A ^-product compatible with the co-multiplication of the Hopf algebra 
of the functions on the Heisenberg group is determined by deforming a coboundary Lie- 
Poisson structure defined by a classical r-matrix satisfying the modified Yang-Baxter 
equation. The corresponding quantum group is studied and its .R-matrix is explicitly 
calculated. 

1. Introduction. The quantization of a dynamical system on a symplectic 
manifold was introduced in [1,2] by deforming the pointwise multiplication of the 
commutative algebra of the classical observables into a one parameter family *% 
of associative but not necessarily commutative products. The parameter h is 
physically interpreted as the Planck constant and the deformation is required to 
satisfy the classical limit conditions 

4>* h tp — xptp, (0 * n ip - if) * n 4>) /h — ► {0,^} 

h->o h^o 

for any pair of observables <p, ijj. 

Since its first appearance, the method has found a constantly increasing num- 
ber of applications and a special attention has been devoted to systems with sym- 
metry. For instance the geometric quantization, or coadjoint orbit method, yield- 
ing the irreducible representations of nilpotent Lie groups has been reproduced in 
this approach [3]; the deformation of quotient manifolds of the Heisenberg group 



by appropriate lattice subgroups has been investigated in [4] in connection with 
results on quantum tori; a framework for quantizing the linear Poisson structures 
has been proposed in [5] . Almost all deformations are expressed in terms of formal 
power series in % with coefficients in the algebra of the observables and a very tiny 
number of ^-products is explicitly known, the most relevant of which is obtained 
by the Weyl quantization on R 2n . In [4,5] the convergence of the power series is 
discussed and an answer is provided in terms of Fourier transforms. 

A natural question that arises in this context concerns the relationship and the 
applicability of these results to quantum groups, being themselves deformations of 
the algebras of the representative functions of Lie groups. A general prescription 
for handling the problem and relating quantum groups to *a-products is presented 
in [6] . Here the fundamental objects are assumed to be a classical r-matrix and the 
corresponding coboundary Poisson-Lie structure determined by r. This implies 
that the resulting * ^-product will be compatible with the co multiplication of the 
Hopf algebra of the functions on the group, differently from [4,5], where the Poisson 
brackets to be quantized are required to be left-invariant for the appropriate action 
of the Lie group, so that the deformed multiplication inherits the same property. 

A distinction in the procedure of quantization must be made according to 
whether the r-matrix satisfies the CYBE or the MYBE (respectively: classical 
and modified Yang-Baxter equation). While a theory [7] and some explicit results 
exist for the former case [8], no deformed product, at our knowledge, has been 
found in the second: applications to quantum groups have only been made with 
the explicit use of a representation and reproduce, for instance, the expression of 
the quantum .R-matrix of SL q (2) in the fundamental representation. 

In this paper we shall consider the deformation quantization of the one di- 
mensional Heisenberg group H(l). After some remarks on the MYBE for H{1) we 
determine the coboundary Poisson Lie structure and the brackets to be quantized. 
We then look for a deformation of the pointwise multiplication of functions on H (1) 
and we give an explicit form for the *a-product whose restriction to symplectic 
leaves is obviously equivalent to Weyl quantization, but has different invariance 
properties. We finally calculate the .R-matrix for the quantized structure thus 
found, obtaining the same expression as the one found in [9,10] for the Heisenberg 
quantum group H q {l). A straightforward generalization to the Heisenberg group 
in n dimensions is finally given and the quantum group H q (n) is determined. 

2. Coboundary Poisson— Lie structure. We denote by a,a\h the three 
generators of the Heisenberg Lie algebra TC(1) that satisfy the commutation rela- 
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tions 

[a,a)] = h, [h,-}=0. (2.1) 

Let 

r = \aAa) + naAh + va) Ah eA 2 H(l) (2.2) 

and denote by U = U(H(1)) the enveloping algebra of H(l). Let us also introduce 
the notation r^ , % = 1, 2, 3; i < j, where ri 2 = r ® 1 G ® 3 W and similarly for the 
other values of indices. 

(2.3) Lemma, r satisfies the MYBE. IfX = 0,r satisfies the CYBE. 
Proof. Defining 

B = [ri2, ri 3 ] + [ri2, r 23 ] + b"i 3 , ^23] 

a direct calculation shows that Ad K B = for any k G H(l), where Ad denotes the 
diagonal adjoint action of H(l) on ® 3 U. Also B — for A = 0. ■ 

Therefore, according to the usual definition, any element of A 2 H(1) is a clas- 
sical r-matrix. 

Let us define on H(l) the coordinates (/?, 5, a) such that for (7 G if (1) and for 

(z, y, x) = (/3(g), 5(g), a(g)) we have 

g = e zh e ya\xa = ( z ^ x ). 

The composition law 

(z', y', x') ■ (z, y, x) = (z' + z + x'y, y' + y, x' + x) 

induces then the comultiplication 

A5 = l(g>5 + 5(g)l, Aa = l®a + a®l, 

A/3 = l®P + P®l + a®6. 

(2.4) Proposition. The coboundary Lie-Poisson structure associated to an 
element r as in (2.2) has the following brackets: 

{S,[3} = \5, {S,a} = 0, {a,f3} = \a. 

Proof. If ad denotes the adjoint representation of H(l) on H(l), for g = 
(z, y, x) we have 

ad g a = a — yh , ad g a' = a' + xh , ad g h = h. 

3 



Since the right invariant fields on H(l) are 

X h = dp, X a ,=d s , X a = 5d (3 + d ct , (2.5) 
the brackets { , } = rj uv X u X v , (u, v = a, a\ h), determined by the coboundary 

v = ad r - r = A(a A a h + a f A 5 h) : H(l) — ► A 2 H(1) , (2.6) 
are of the stated form. ■ 

(2.7) Remark. It can be observed that the Poisson brackets are not vanishing 
if and only if A is not vanishing and in this case they differ by a multiplicative 
factor, so that the coboundary Lie-Poisson structure is essentially unique. In what 
follows, without loss of generality, we shall thus fix A = 1/2, \x = v = 0, so that 
r = |aAat. 

3. The *%— product. Let U% be the algebra obtained from U by extending 
the field of coefficients to the ring of formal power series in %. Let then tc l and n R 
respectively be the representation and the anti-representation of the Lie algebra 
H(l) by left and right invariant vector fields on H(l) and use the same notation for 
the extension of the representation that maps U% into the left and right invariant 
differential operators on H(l). Consider an element F 6 ® 2 Wr of the form 

F=l<g>l + |r + -- - , (3.1) 

for which 

(1 <g> e)F = (e <g> 1)F = 1 <g> 1 . 

Where 1 is the unity, e the counit of and r is the element specified in (2.7). 
Moreover F is invertible in ® 1 U%: letting -k® = n L £g> n L , 7r® = n R ® tt r , we can 
define 

F = yrfF, F' = 7T®(F _1 ) 

and a composition law [6] 

* h = moFoF' (3.2) 

on the differentiable functions on H(l), m denoting the multiplication of functions. 
According to the standard use, the law (3.2) will be called *a-product. If 0, ip e 
C°°(.£f(l)), then the properties 

i) (j)*h 1 = 1 *h = 0, 

ii) {<p, V>} = lim t (0 *h i> - i> *n 4>) , 
in) A(cf> * h if>) = A(0) * n A(^) , 
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are easily verified. To deal with the associativity of the * ^-product we recall the 
following result: 

(3.3) Proposition [6]. Assume that an element F as given in (3.1) satisfies 
the equation 

(A <g> 1)F (F <g> 1) = x (1® A)F (1® F) , (3.4) 

where x 6 ® 3 W is invariant, i.e. Ad K x = for any k G Ti.(l). Then the product 
*% as in (3.2) is associative, m 

Therefore we shall prove the associativity by solving equation (3.4). Let 
U% = U%®z Q(Z) be the localization of U% with respect to its center Z, Q(Z) 
being the field of fractions of Z. Let then x = h <g) 1 , y = 1 <g) h , 1® = 1 ® 1 
and define the elements 61,62 G ® 2 Un by the relations 



U®_ e -hy 

tan0 1 = <\/- , tanfl 2 = y _ — . 

(3.5) Proposition. If 9 = 9i - 9 2 and p = 20/^/xy, then p e <3 2 Uh and the 
element 

F = e P r 

solves (3.4). 

Proof. For the first statement it is sufficient to observe that tan6> 2 = 
a/y/x (1 — ft(x + y) 0(ft,x, y)) , where 6 is a power series in ft, x, y. We then 
obtain 9 = 6>i - 9 2 = arctan{ v /xy HQ /{I - y ftO) }: thus p = 2(9/ v /xy G ® 2 U h . 
The first terms of the expansion of p in powers of h~ are 

ft ft 2 (x-y) 3 

To prove the second statement, introduce the notation Ft 2)3 = (A <g> 1)F, F\ 2 = 
F <g> 1, F 23 = 1 <g> F, Fi )23 = (1 (8) A)F. Equation (3.4) becomes 

X = -P 1 12,3-^12F 2 ^ 1 F 1 " 2 1 3 . 

and the invariance of x reads 

F23 Fi,L (1 <8> A) Ak F 1)23 F 23 = Ff/ Ff 2 ; 3 (1 <g> A) A« F 12)3 F 12 , (3.6) 
with k = a, aL Defining /, g by 

/ = cos 9 + y — sin , g = cos — y — sin 9 
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and using for / and g the same notation as for F, equation (3.6) is equivalent to 

(/l,23 - fl2 /l2,3) « ® 1 <S> 1 + (</12 /l2,3 ~ ^23 #1,23) 1 <8> K <8> 1 + 
(#23 #1,23 - #12,3) 1 <8> 1 <E> K = . 

With our definition of # we can write 



from which equation (3.7) is verified. ■ 

(3.8) Corollary. The explicit expression for the *n,-product is as follows: 



(3.9) Remark. According to (2.4), the relation a/5 = cost, defines the 
symplectic leaves of H(l), on which the local Darboux coordinates are p = log a 
and q = 2f3. The expression given in (3.8) can be compared with the * w -product 
obtained by the Weyl quantization that can be defined on any symplectic leaf: 
as expected, the latter shows to be not compatible with comultiplication {e.g. 
compare (3 * w a/3 2 ). This fact was already noticed in [6] in connection with the 
quantization of SL(2). 

4. R— matrix and the quantum group H q (l). In this last section we shall 
determine the .R-matrix from the given quantization and we shall compare the 
result with what was found in [9,10]. By a direct calculation the following lemma 
is easily proved. 

(4.1) Lemma. Let 




4>*nip = mo exp{7r®(p?7)} (4> <g> VO 



where p is given in (3.5) and rj in (2.6). 
Proof. Indeed 



FoF' = exp{(7rf(pr)} exp{-7rf (pr)} 

= exp{7rf(p (adr-r))} = exp{n®( P r])} . 



n = 



h 



£ = h®n + n®h. 
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The element t G ® 2 tin given by 

t = - (a ® a* + a) ® a - £) 
2 

zs invariant and satisfies the equation 

B = [^23, *13] 5 

where B is given in (2.3). ■ 

Denote by a the flip isomorphism of ® 1 Uf l , a (a <g) 6) = (6 <g) a). The main 
result of this section is formulated as follows. 

(4.2) Proposition. The element of® 2 Un 

R = (a o F)' 1 e M F , (4.3) 

with F as in (3.5) satisfies the QYBE {quantum Yang-Baxter equation) and co- 
incides with the quantum R-matrix of U q (TL{l)) [9]. 

The proof of this proposition is a consequence of the following two lemmas 
that stem from the observation that the fundamental objects in terms of which F 
and t are built are a ® a) , a) <g> a and £. 

(4.4) Lemma. The elements of ® 2 Un given by 

a 1 ® a h A a^a 



a (x> a 

i+ = ; — , J- = . — , J3 = 



xy ' 0cy ' 2xy 

k = J3, 

7 

with 7 = x — y, generate an u(2) Lie algebra. 

Proof. Indeed it is immediate to verify that j±,js satisfy the su(2) commu- 
tation relations, while k is the central generator of u(l). m 

(4.5) Lemma The elements 



A = 



j 2smh(wh/2) j 2smh(wh/2) 

v — *h — a ' A= i — vTh — °> h=k (46) 



satisfy the commutation relations of the generators of U q (H(l)) [9], namely 

2 

[A, A ] ] = - wah(wH/2) , [H, ■ ] = . ■ 
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Proof of (4.2). In terms of the u(2) generators, (4.3) reads 
R = e (a o 6) (j+ - j_) e h/2(^(j + +j_)- 1/ k- 7J 3 ) e (J+ - J-) 



Using the composition law of the group U(2), the last expression is transformed 
into 

R = e ~Hlk + 7 j 3 )/2 eX p{2e^/ 4 v/sinh(7ix/2) sinh(fty/2) j + } . (4.7) 
From (4.4) and (4.6), letting 

wA^ A 

N= . , Q = H®N + N®H, (4.8) 
2 smh(wH/2) 

equation (4.7) with K = w becomes 

R = e - wQ / 2 exp!^we wH / 4 A ® e~ wH / 4 A^ J . (4.9) 

This expression coincides with the R matrix of U q (H(l)) found in [9], where it is 
explicitly shown that R satisfies the QYBE. ■ 

(4.10) Remarks, (i) We observe that F as given in (3.5) deforms the co- 
multiplication A of U to the comultiplication A q of U q (H,(l)), namely 

A,(k) = F- 1 A(«)F, /ce«(l), 

as expected. 

(ii) A final remark concerns a straightforward generalization to the deforma- 
tion of the Heisenberg group H(n) in n degrees of freedom, with algebra H(n) 
generated by h,a\,ai (i = 1, n), relations 

[a i ,(J j ]=6i j h, [h,-] = 

and corresponding group coordinates /?, &j,ctij. The classical r matrix 

n 1 

r = ^2 ^ iri > Ti = o ai A a i E A ^( n ) ! G R , 

i=i ^ 

gives if(n) a Lie-Poisson structure with coboundary 

n 

?7 = ^ (aj A an h + qf A 8j h) . 

i=i 



Let pi be defined as in (3.5) with the substitution of h by \Ti. Then 



F = Y[ e P^ 

i=i 

defines a -product on H(n). The corresponding quantum group H q (n) = 
U q {7i(n)) is generated by H,Ai,A\ defined for each i = l,...,n as in (4.6) with 
Wi = \i% replacing w. The .R-matrix of H q (n) is R = Y\i Ri where the Ri are 
given by (4.8) and (4.9) with the above substitutions. 
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